Abstract. Classically, there are two model category structures on coalgebras in the category of chain complexes over a field. In one, the weak equivalences are maps which induce an isomorphism on homology. In the other, the weak equivalences are maps which induce a weak equivalence of algebras under the cobar functor. We unify these two approaches, realizing them as the two extremes of a partially ordered set of model category structures on coalgebras over a cooperad satisfying mild conditions.
Introduction
A natural area of interest for an algebraic homotopy theorist is the homotopy theory of coalgebras. Several different ideas about this category exist in the literature.
Quillen [Qui69] gave a model structure on (a subcategory of) commutative coalgebras where the weak equivalences were created by the cobar functor to Lie algebras. Hinich [Hin01] extended the same structure to a larger category of commutative algebras and Lefevre-Hasegawa [LH03] then extended these methods to (a subcategory of) coassociative coalgebras. More recently, Vallette [Val13] described these three model structures as examples of a much more general phenomenon related to Koszul duality. That is, a Koszul twisting morphism from a cooperad to a operad induces a bar-cobar adjunction between coalgebras over the cooperad and algebras over the operad. Vallette used this adjunction to lift the (well-known) model category structure on algebras over the operad to a model category structure on coalgebras over the cooperad. In the Vallette model structure, the weak equivalences are the morphisms which become weak equivalences of algebras under the cobar functor. The Vallette model structure provides a model category framework for infinity algebras (A ∞ , L ∞ , and so on), which can be realized as the fibrant-cofibrant objects in this model category.
On the other hand, if one is interested in the theory of derived coalgebras, it makes more sense to have the weak equivalences be the weak equivalences (quasiisomorphisms) of chain complexes under the forgetful functor. This point of view has also been taken in the literature. Getzler and Goerss [GG99] constructed such a model category structure for coassociative coalgebras. Aubry and Chataur [AC03] proved the existence of such a model category structure for coalgebras over a quasicofree cooperad in chain complexes. Smith [Smi11] provided such a structure for more general cooperads. Hess and Shipley [HS14] established the existence of a model category structure of this sort in a much more general situation, that of coalgebras over a comonad. Applied to the case where the comonad comes from a This work was supported by IBS-R003-G1. The second author was supported by NSF DMS-1304169. cooperad, they give the most general version of this model structure for cooperads in bounded below chain complexes.
Actually, the notion of weak equivalence in the work of Smith [Smi11] does not fit into this history when working over a ring rather than a field. In these structures, the weak equivalences are the weak equivalences (homotopy equivalences) of chain complexes under the forgetful functor. Working over a field, this notion coincides with the previous one; over the integers it is different.
Porta asked a question on mathoverflow.net [Por13] about model structures on coalgebras. One part of this question asked where the Koszul property was used in Vallette's construction. It asked whether instead some more general sort of twisting morphism between a cooperad and operad might induce a model category structure on coalgebras.
We answer this question in the affirmative, proving the existence of a model category structure on coalgebras over a cooperad equipped with a twisting morphism to some operad. In these model category structures, the weak equivalences and cofibrations are created by the cobar functor to the category of algebras over the operad. The twisting morphism is not assumed to be a Koszul morphism and the operad is not assumed to be dual to the cooperad.
This construction unifies the two main approaches to defining model category structures on coalgebras over cooperads. In fact, it yields a diagram of model category structures on the same underlying category of coalgebras. The initial object in this category, using the canonical twisting morphism, is the Vallette model category structure and the terminal object, using the trivial twisting morphism, is the Aubry-Chataur/Hess-Shipley model category structure.
At the level of ∞-categories, the former is the ∞-category of algebras and the latter the ∞-category of coalgebras. Thus our results show that the ∞-category of coalgebras is a localization of the ∞-category of algebras. Moreover, this localization is filtered by the diagram category of twisting morphisms.
From this point of view, the Koszul bar and cobar functors are equivalences of ∞-categories. This means that, composing with localization, at the ∞-categorical level, the bar functor from the ∞-category of algebras over an operad to the ∞-category of coalgebras over the Koszul dual cooperad is left adjoint to the cobar functor. This reverses the parity of the adjunction used in classical operad theory and recovers the parity that is expected by the work of Lurie [Lur03, 5 .2] and Ayala-Francis [AF14] .
One particular advantage of our approach is that it is insensitive to whether the chain complexes are bounded or not. In model category theory for categories over chain complexes, there are often fiddly details about whether the chain complexes need to be bounded on one side. In practice, these details are technical issues that are eventually worked out. The situation for bounded and unbounded is usually eventually essentially the same. We can exploit the fact that the model category theory for algebras over an operad is already well enough developed that there are model category structures for both the bounded and unbounded case; thus we can work in whichever is more convenient for the problem at hand.
One caveat is that we work over a field. This does not seem to be necessary, but two technical ingredients, Lemma 3.10 and the factorization used in the proof of Theorem 3.8 are taken from Vallette [Val13] , who works over a field. It is likely that both results, formulated in terms of the underlying cofibrations of the model category on chain complexes, hold over an arbitrary ring, but in the interest of brevity we have chosen not to address this question in this paper.
The authors would like to thank Bruno Vallette and Emily Riehl for useful conversations.
Summary of results
Summary. Let α be a twisting morphism between a conilpotent coaugmented weight-graded cooperad C and an augmented operad P in the category of chain complexes (either unbounded or in non-negative degrees) over a field. If the characteristic is not zero, assume C and P are Σ-split.
Then there exists a model category structure on C-coalgebras where the weak equivalences and cofibrations are created by the cobar functor Ω α to P-algebras. Given this model structure, the cobar functor Ω α is a left Quillen functor which is a Quillen equivalence if and only if α is Koszul.
This assignment is functorial in both C and P.
The cofibrations for arbitrary α are also created by the forgetful functor to chain complexes, and thus two such model categories related by a morphism of operads are related via Bousfield localization.
Model category structures
Let Ch be one of the following model categories:
• chain complexes over a field of characteristic zero with no assumption on boundedness, with weak equivalences given by quasi-isomorphisms and fibrations given by surjections.
• chain complexes in nonnegative degree over a field of characteristic zero (with differential that lowers degree), with weak equivalences given by quasi-isomorphisms and fibrations given by surjections in positive degree.
All operads, cooperads, algebras, and coalgebras are taken in the ground category Ch. So everything is assumed to be "differential graded." Unless otherwise specified, let
• C be a Σ-split coaugmented weight graded cooperad. We denote the additional weight by C (i) , and further assume that the weight grading is connected, i.e., that C (0) is spanned by the image of the coaugmentation in C. The category of conilpotent C-coalgebras is denoted C -coalg.
• X be a conilpotent C-coalgebra.
• P be a Σ-split augmented operad. The category of P-algebras is denoted P -alg.
If the characteristic of the ground field is zero, all cooperads and operads are Σ-split.
We need P to be Σ-split to get a model structure on P-algebras [Hin97] . We need C to be Σ-split so that we get a model structure on ΩC-algebras. We use results of Vallette [Val13] that use the connected coaugmented weight graded assumptions on C.
Note that our categories of coalgebras have small limits by the arguments in Agore [Ago11] . The explicit argument there is in the category of not-necessarily nilpotent coassociative coalgebras, but substituting the cofree conilpotent C-coalgebra for the cofree coassociative coalgebra gives the same construction of limits.
We assume some familiarity with the theory of operads, more or less following the conventions of Loday-Vallette [LV12] .
Definition 3.1. The category of twisting morphisms from the fixed cooperad C is the undercategory of ΩC in Op, the category of Σ-split augmented operads. We denote this category Twist C , and refer to objects in Twist C as twisting morphisms.
Note that the identity id of ΩC is initial and the augmentation ξ of ΩC is terminal in the category of twisting morphisms from C (id is called ι in [LV12] ). Also, we recall that a twisting morphism α : ΩC → P induces an adjunction Ω α : C -coalg ↔ P -alg : B α , with Ω α the left adjoint.
Definition 3.2. Given α in Twist C we have the following classes of maps in Ccoalgebras.
• The class W α of α-weak equivalences, given by maps X f − → Y whose image under the cobar construction is a quasi-isomorphism of P -alg:
• The class C α of α-cofibrations given by degree-wise monomorphisms of Ccoalgebras • The class F α of α-fibrations is defined by F = RLP(W ∩ C), that is those maps f which have the right lifting property with respect to every acyclic cofibration. Explicitly, this theorem is proven is in characteristic zero and the twisting morphism is of the form ΩBP → P, but working in arbitrary characteristic and with a more general Koszul twisting morphism does not change the argument.
Definition 3.4. The category coComplete has cocomplete categories as objects, and left adjoint functors as morphisms.
Theorem 3.5. There is a functor Ω from Twist C to the arrow category of coComplete which takes α : ΩC → P to C -coalg Ωα −→ P -alg and takes O → P to the identity on C -coalg and the "free induce" functor from O -alg to P -alg.
Proof. The free induce functor is adjoint to the restriction functor. It is easy to check that the right adjoints commute. Note that there is a forgetful functor from Model to coComplete.
Theorem 3.7. There is a functor from Op to Model which takes P to its model category of algebras and a map of operads to the free induce functor.
The image of P under this functor is a cofibrantly generated model category with fibrations and weak equivalences created by the forgetful functor to Ch.
Proof. Hinich [Hin97] showed the existence of such a model category on P-alg. As Hinich pointed out, to see that this assignment respects maps of operads, note that the right adjoint to the free induce functor preserves underlying chain complexes, and thus preserves fibrations and weak equivalences in Ch.
Hinich explicitly works over unbounded complexes. However, the methods in his paper apply (with minor changes) to the nonnegatively graded case.
Theorem 3.5 gives a functor from the undercategory of ΩC in operads to the arrow category of coComplete. Theorem 3.7 gives a functor from Op to Model, which is compatible with forgetful functors. We will find a lift of the functor from Theorem 3.5 that lands in model categories. To wit:
Theorem 3.8. For every twisting morphism α : ΩC → P, there is a model category structure on C -coalg such that the cobar functor Ω α is a left Quillen functor to P -alg. The weak equivalences and cofibrations are created by Ω α . Further, if two operads are related by a morphism under ΩC then the identity on C -coalg is a left Quillen functor, (in fact a left Bousfield localization by Lemma 3.10), between the corresponding model structures on C -coalg, which commutes with the left Quillen functor between the categories of algebras over the operads.
The proof of this theorem will be deferred.
Remark. A clean encapsulation of the theorem is the existence of a filler for the following diagram:
arr(coComplete)
This diagram does not show that the weak equivalences and cofibrations are created by Ω α but otherwise expresses the connection among the different extant structures and constructions.
Corollary 3.9. There is a model category structure on C -coalg with weak equivalences and cofibrations created by forgetting to Ch (that is, quasi-isomorphisms and inclusions).
Proof. This is the value of the functor on the terminal object. That is, Ω ξ is the forgetful functor to Ch.
Remark. This corollary recovers the Aubry-Chataur/Hess-Shipley model category structure mentioned in the introduction for the case of coalgebras over a cooperad.
Lemma 3.10. For any twisting morphism α, the Ω α -cofibrations are created by the forgetful functor to Ch.
The proof of this lemma will be deferred.
Corollary 3.11. The value of the functor of Theorem 3.8 on the initial object of Twist C recovers the Vallette model structure.
Proof. The Vallette model structure has weak equivalences created by Ω id and cofibrations created by the forgetful functor to Ch. Thus the constructions yield the same model structure.
The construction of model categories from twisting morphisms is functorial not only in operads but also in cooperads. That is, if f : C → D is a map of cooperads, then any twisting morphism α : ΩD → P induces a twisting morphism α ′ := α•Ωf : ΩC → P.
Proposition 3.12. Let f : C → D be a map of cooperads and α : ΩD → P a twisting morphism. Then pushforward f * is a left Quillen functor from C-coalg with the Ω α ′ model structure to D-coalg with the Ω α model structure.
Proof. The pushforward functor does not change the underlying chain complex. Therefore, since cofibrations are created in Ch, they are preserved by pushforward. Next, note that Ω α ′ = Ω α • f * . Let φ be a map in C-coalg which becomes a quasiisomorphism in P-alg under this functor. Then f * φ becomes a quasiisomorphism in P-alg under Ω α . Therefore f * preserves weak equivalences.
There is a simple criterion for when the Quillen adjunction Ω α and B α are a Quillen equivalence.
Proposition 3.13. Let α : ΩC → P be a weight-graded twisting morphism to a connected weight-graded operad P. If α is Koszul, then (Ω α , B α ) form a Quillen equivalence. The converse is true in characteristic zero.
Proof. Assume the characteristic of the ground field is zero. Let X range over all C-coalgebras and A over all P-algebras. We have the following equivalences of criteria.
The pair (Ω α , B α ) is a Quillen equivalence.
A map Ω α X → A is a weak equivalence if and only if the adjoint X → B α A is a weak equivalence.
A map Ω α X → A is a quasiisomorphism if and only if Ω α X → Ω α B α A is a quasiisomorphism.
The map Ω α B α A → A is a quasiisomorphism. The first equivalence occurs because every coalgebra is cofibrant and every algebra is fibrant. In characteristic zero, the final criterion is equivalent to the Koszulity of α by [LV12, 11.3 .5]. Outside characteristic zero, one direction is implied by [Fre09, 4.2.4].
Remark. Left Bousfield localization gives a left Quillen functor from the Vallette model structure to the Aubry-Chataur/Hess-Shipley model structure. The bar construction is a right Quillen equivalence from ΩC-algebras to C-coalgebras with the Vallette model structure. Composing the bar construction with the left localization is no longer an adjoint but realizes the bar construction as a homotopical left adjoint from ΩC-algebras to C-coalgebras with the Aubry-Chataur/Hess-Shipley model structure.
Examples
Example 4.1. Consider the operads Lie and As. Their duals Lie ∨ and As ∨ are cooperads whose coalgebras are Lie coalgebras and coassociative coalgebras, respectively. The map of operads Lie → As induces a map of cooperads As ∨ → Lie ∨ which induces a functor of the associated categories of coalgebras; a coassociative coalgebra can be skew-symmetrized to yield its mmutator Lie coalgebra. Then for the cooperad As ∨ , we can consider the following twisting morphisms. In addition to the initial and terminal twisting morphisms, there is the twisting morphism
Com is the operadic desuspension of the commutative operad so algebras over it are shifted commutative algebras.
The three corresponding model structures have weak equivalences given by: twisting morphism weak equivalences id quasi-isomorphisms on coHochschild homology valued in the trivial comodule β quasi-isomorphisms on coChevalley-Eilenberg homology of the mmutator Lie coalgebra ξ quasi-isomorphisms of coalgebras In the case of bounded chain complexes, these three categories of weak equivalence are strictly nested.
• Consider the cofree conilpotent coalgebra on a single generator x of degree 1. Let X be the subcoalgebra spanned by x and x ⊗ x. Equip this with the differential x ⊗ x → x. The inclusion of the zero coalgebra is a quasiisomorphism, but Ω β X has nontrivial homology.
• Similarly, consider the cofree conilpotent coalgebra on generators x of degree 1 and y of degree 0. Let C 1 and C 2 be subcoalgebras spanned, respectively, by x and by x, y, and z := x ⊗ y + y ⊗ x. Equip C 2 with the differential z → y.
Applying Ω β to this inclusion yields a quasiisomorphism. This can be checked by hand or one can note that on the mmutator Lie coalgebra, the inclusion is a filtered quasiisomorphism (see [Val13] ) and thus becomes a quasiisomorphism under the Koszul twisting morphism Lie ∨ → ΛCom. On the other hand, applying Ω id yields algebras with different homology in every negative degree.
Example 4.2. Let C be the Koszul dual of the operad (algebra) k[x, y] with Koszul twisting morphism κ. Then α, the composition of κ with evaluation at y = 0,
is a twisting morphism. The Ω ξ -weak equivalences contain the Ω α -weak equivalences, which contain the Ω id -weak equivalences, and these inclusions are strict.
For example,
is an Ω ξ -weak equivalence which is not an Ω α -weak equivalence and
is an Ω α -weak equivalence which is not an Ω id -weak equivalence.
Proof of the main theorem
In order to prove Theorem 3.8, we will left induce along Ω α to get a model category structure on C-coalgebras where the weak equivalences and cofibrations are created by Ω α .
Bayeh Theorem 5.1. Let M be a locally presentable cofibrantly generated model category and U : K → M be a left adjoint whose domain is locally presentable. Define U -cofibrations and U -weak equivalences in K to be created by U . If there is a factorization of every morphism in K into a U -cofibration followed by a U -weak equivalence, then this structure makes K into a model category.
Proof. Suppose a morphism f : A → C in K lifts against all U -cofibrations. Factorize f into a U -cofibration followed by a weak equivalence. Then f fits into the following square:
Now the morphism f is a retract of the U -weak equivalence B → C. Then since U -weak equivalences are closed under retracts, f is a U -weak equivalence.
The condition that any map which lifts against all U -cofibrations be a U -weak equivalence is precisely the acyclicity condition of Theorem 2.23 of [BHK + 14] . By that theorem, the left induced structure makes K into a model category.
Lemma 5.2. The categories of P-algebras and C-coalgebras are locally presentable.
Proof. To be locally presentable it suffices to have all colimits and be generated under colimits by a set of compact objects. Algebras and coalgebras have all colimits. Algebras are generated by the free algebras on a single generator, which is ω-compact, and coalgebras are by finite dimensional coalgebras, each of which is also ω-compact. For the nervous reader, we observe that finite dimensional coalgebras has a skeleton which is a set.
Proof of Theorem 3.8. Vallette constructs a factorization [Val13, 2.5] of an arbitrary map in C -coalg into a Ω id -cofibration followed by an Ω id -weak equivalence. Again, explicitly, Vallette works in characteristic zero and the twisting morphism is of the form ΩBP → P for an operad P, but working in arbitrary characteristic and with a twisting morphism for general C does not change the argument.
Since free induce is a left Quillen adjunction from ΩC-algebras to P-algebras, it preserves cofibrations and weak equivalences between cofibrant objects. The image of a C-coalgebra under Ω id in ΩC-algebras is always cofibrant. Since Ω α is the same as Ω id followed by free induce, Vallette's factorization is in fact a factorization into an Ω α -cofibration followed by an Ω α -weak equivalence for any α. This gives us the hypotheses of Theorem 5.1.
Remark. There are classical criteria for lifting model category structures along right adjoints roughly parallel to those of Theorem 5.1. The authors wondered whether it would be possible to dualize Theorem 3.8 and lift the Ω ξ model structure on C-coalgebras along the right adjoint B α to create a model structure on P-algebras where the weak equivalences and fibrations were created by B α . We have the model structure on P-algebras that we expect to have the most restrictive weak equivalences (namely the Hinich model structure) just as we had in the Vallette model structure on C-coalgebras.
However, naively dualizing the argument of Theorem 3.8 does not work. In that proof, we use the free induce functor, which is a left Quillen functor, to show that our factorization into an Ω id cofibration followed by an Ω id weak equivalence is also the same kind of factorization for Ω α . This works because the image of Ω α is always Ω id -cofibrant. In contrast, the image of B α is not necessarily B ξ -fibrant. In fact the cofree coinduce functor that we would use in the dual goes "the wrong way" from C-coalgebras to chain complexes.
Proof of Lemma 3.10. Let α : ΩC → O and β : ΩC → P be maps of operads and f : O → P be a map of twisting morphisms α → β. Because free induce is a left Quillen functor, it preserves cofibrations, so the Ω α -cofibrations are contained in the Ω β -cofibrations.
Since ξ is terminal in Twist C , the Ω α -cofibrations are contained in the Ω ξ -cofibrations. Similarly, since id is initial in Twist C , the Ω α -cofibrations contain the Ω id -cofibrations.
Since Ω ξ is literally the forgetful functor to Ch, it then suffices to show that any C-coalg map which becomes a cofibration under the forgetful functor to Ch also becomes a cofibration under Ω id . This is shown by Vallette [Val13, Theorem 2.9, item 1]. Again, explicitly, this is in characteristic zero and the twisting morphism is of the form ΩBP → P for an operad P, but working in arbitrary characteristic and with a twisting morphism for general C does not change the argument.
